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Abstract
This paper is concerned with the study of the nonlinear Dirichlet parabolic problem
in a bounded subset � ⊂ IRN

ut + Au + g(x, t, u,∇u) = f − div φ(u),

where A is an operator of Leray-Lions type acted from the parabolic anisotropic space
L �p(0, T ;W 1, �p

0 (�)) into its dual. g is a nonlinear term having a growth condition with
respect to ∇u and satisfying a sign condition with no growth condition with respect to
u. In addition, when the initial condition u0 and the data f are assumed to be merely
integrable and φ(·) ∈ C0(IR, IRN ), we prove the existence of entropy solutions for
this class of problems.
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1 Introduction

Let T > 0 and QT = � × (0, T ) be a cylinder over the open bounded domain
� ⊂ IRN (N ≥ 2). We denote by �T the lateral surface ∂� × (0, T ).

Boccardo, Gallouët and Vazquez have studied in [6] the following nonlinear
parabolic equation

⎧
⎨

⎩

ut + Au + α0|u|s−1u = f in QT ,

u = 0 on �T

u(x, 0) = 0 in �,

where α0 > 0 and Au = −div (|∇u|p−2∇u) is the p-Laplacian operator with p >

1 + N
N+1 . When the data f is in L1(QT ) and s >

p(N+1)−N
N , the authors have

established the existence and regularity of solutions for such problems.
In [8], Boccardo, Dall’Aglio, Gallouët and Orsina proved the existence result for

the nonlinear parabolic Cauchy-Dirichlet problem

⎧
⎨

⎩

ut − Au = μ in QT ,

u = 0 on �T ,

u(x, 0) = 0 in �,

where Au = div a(x, t, u,∇u) is a classical divergence operator of Leray-Lions type
and μ belongs to M(QT ), the space of bounded Borel measures on QT .

The case of isotropic elliptic and parabolic equations for which the principal part of
the operator behaves like the Leray-Lions operator, has been the subject of numerous
studies, we can cite, among others, the references [5,6,8,12,20], where the authors
obtained existence of solutions by considering lower order termswith quadratic growth
or subquadratic growth with respect to the gradient.

Regarding the anisotropic case, let us point out that anisotropic spaces involving
anisotropic exponent �p = (pi )i=1,...,N are the appropriate framework to deal with
a class of problems having non-standard structural conditions, one prototype of the
differential operator considered is the �p−Laplacian

� �p(u) =
N∑

i=1

∂xi (|∂xi u|pi−2∂xi u),

which generalizes the p−Laplace operator. It is not a surprise that new difficulties
occur in the anisotropic spaces. To overcome these difficulties, we combine the classi-
cal techniques with recent ones that appeared when treating anisotropic problems, we
refer the reader to the papers [1,3,13,15–18] where existence results are obtained for
various types of nonlinear anisotropic elliptic and parabolic equations with respect to
the data.

Let us also mention that in recent years much attention has been given to the study
of anisotropic variable exponent Sobolev spaces and several studies have been devoted
to the investigation of related problems. This attention comes essentially from their
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On the study of strongly parabolic problems involving… 613

applications in the study of nonhomogeneous materials that behave differently on dif-
ferent space directions, we can refer here to the electrorheological and thermoelectric
fluids (see for example [2]).

The aim of this paper is to study the parabolic generalization of a class of nonlinear
elliptic problems considered earlier in both isotropic and anisotropic cases using a
compactness result. More precisely, we establish the existence of entropy solutions
for some strongly nonlinear anisotropic parabolic problem of the form

⎧
⎨

⎩

ut + Au + g(x, t, u,∇u) = f − div φ(u) in QT ,

u(x, t) = 0 on �T ,

u(x, 0) = u0(x) in �,

(1.1)

where u0 ∈ L1(�) and the right hand side is assumed to satisfy

f ∈ L1(QT ) and φ(.) = (φ1(.), . . . , φN (.)) ∈ C0(IR, IRN ).

The Leray-Lions operator A acted from L �p(0, T ;W 1, �p
0 (�)) into its dual L

�p′
(0, T ;

W−1, �p′
(�)) (spaces as defined in Sect. 2) is given by

Au = −
N∑

i=1

Diai (x, t,∇u) + d(x, t)|u|p0−2u,

where d(x, t) is a positive function in L∞(QT ) such that there exists a constant
d0 > 0 with d(x, t) ≥ d0 a.e in QT , while (ai (x, t, ξ))i=1,...,N are Carathéodory
functions (measurable with respect to (x, t) in QT for every ξ in IRN , and continuous
with respect to ξ in IRN for almost every (x, t) in QT ) satisfying

|ai (x, t, ξ)| ≤ β(Ki (x, t) + |ξi |pi−1) for i = 1, . . . , N (1.2)

ai (x, t, ξ)ξi ≥ α|ξi |pi for i = 1, . . . , N . (1.3)

For a.e. (x, t) ∈ QT , for every ξ, ξ ′ ∈ IRN , ξ 
= ξ ′

(ai (x, t, ξ) − ai (x, t, ξ
′))(ξi − ξ ′

i ) > 0 for i = 1, . . . , N . (1.4)

Here Ki (x, t) is a nonnegative function lying in L p′
i (QT ) and α, β > 0.

As regards the strongly nonlinear perturbation lower-order term, we assume that
g(x, s, ξ) has no growth conditions with respect to u, and satisfies the following
classical sign condition and natural growth on ∇u : g : � × (0, T ) × IR × IRN �→ IR
is a Carathéodory function, such that for a.e. (x, t) ∈ QT , all (s, ξ) ∈ IR × IRN

g(x, t, s, ξ).s ≥ 0, (1.5)

|g(x, t, s, ξ)| ≤ b(|s|)
(

c(x, t) +
N∑

i=1

|ξi |pi
)

, (1.6)
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614 M. Chrif et al.

where b(·) : IR+ �−→ IR+ is a continuous nondecreasing function, and c(·, ·) :
� × (0, T ) �−→ IR+ with c(·, ·) ∈ L1(QT ).

Herein p0, p1, · · · , pN are N+1 real positive numbers such that
2N

N + 2
< pi < ∞

for any i = 0, 1, . . . , N .
This paper is organized as follows. In Sect. 2, we introduce some definitions and

results concerning anisotropic parabolic spaces. Section 3 contains some technical
lemmas needed to establish our main results. The last section will be devoted to prove
the existence of entropy solutions for our parabolic problem in the anisotropic spaces.

2 Parabolic anisotropic spaces

Let � be an open bounded domain in IRN (N ≥ 2) with boundary ∂�.

Let p0, p1, . . . , pN be N + 1 real constants numbers, with 1 < pi < ∞ for
i = 0, 1, . . . , N .

We denote by

�p = {
p0, p1, . . . , pN }, p = min{pi , i = 0, 1, 2, . . . , N } and

D0u = u, Diu = ∂u

∂xi
, i = 1, . . . , N .

We introduce the anisotropic Sobolev space

W 1, �p(�) = {u ∈ L p0(�) and Diu ∈ L pi (�) for i = 1, 2, . . . , N },

under the norm

‖u‖1, �p =
N∑

i=0

‖Diu‖L pi (�). (2.1)

We also defineW 1, �p
0 (�) as the closure of C∞

0 (�) inW 1, �p(�)with respect to the norm
(2.1), where C∞

0 (�) is the space of all continuous functions with compact support in
�, that have continuous derivatives for any order.

The dual of W 1, �p
0 (�) is denoted by W−1, �p′

(�), where �p′ = {
p′
0, p

′
1, . . . , p

′
N },

1
p′
i
+ 1

pi
= 1, i = 0, 1, . . . , N , i.e.,

∀F ∈ W−1, �p′
(�), there exists ( f0, f1, . . . , fN ) ∈

N∏

i=0

L pi (�)

such that F = f0 −
N∑

i=1

Di fi .
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It can be easily seen that W 1, �p(�) and W 1, �p
0 (�) are separable and reflexive

Banach spaces.
We will use later the following Sobolev embedding.

Lemma 2.1 Let � be a bounded open set in IRN . Then the following embeddings
are compact.

(i) If p < N , then W 1, �p
0 (�) ↪→↪→ Lq(�) ∀q ∈ [p, p∗[, where 1

p∗ = 1
p − 1

N .

(ii) If p = N , then W 1, �p
0 (�) ↪→↪→ Lq(�) ∀q ∈ [p,+∞[.

(iii) If p > N , then W 1, �p
0 (�) ↪→↪→ L∞(�) ∩ C0(�).

The proof of this lemma follows from the fact that the embedding W 1, �p
0 (�) ↪→

W
1,p
0 (�) is continuous and from the compact embeddings theorem in classical Sobolev

spaces. For more details, we refer the reader to [10,22].
The anisotropic parabolic space L �p(0, T ;W 1, �p(�)) is given by the formula

L �p(0, T ;W 1, �p(�)) =
{

u measurable function

/ N∑

i=0

∫ T

0
‖Diu‖pi

L pi (�)
dt < ∞

}

,

(2.2)

endowed with the norm

‖u‖L �p(0,T ;W 1, �p(�)) :=
N∑

i=0

‖Dαu‖L pi (QT ).

We introduce the functional space L �p(0, T ;W 1, �p
0 (�)) by

L �p(0, T ;W 1, �p
0 (�)) =

{

u ∈ L �p(0, T ;W 1, �p(�))

/

u = 0 on ∂� × [0, T ]
}

. (2.3)

L �p(0, T ;W 1, �p(�)) and L �p(0, T ;W 1, �p
0 (�)) are separable and reflexive Banach

spaces.

Definition 2.1 The dual space of L �p(0, T ;W 1, �p
0 (�)) is defined as follows

L
�p′
(0, T ;W−1, �p′

(�)) =
{

F = f0 −
N∑

i=1

Di fi , with f0 ∈ L p′
0 (QT ), fi ∈ L p′

i (QT )

}

. (2.4)

We define a norm on the dual space by

‖F‖
L

�p′ (0,T ;W−1, �p′ (�))
= inf

{ N∑

i=0

‖ fi‖L p′i (QT )
with F = f0 −

N∑

i=1

Di fi

such that f0 ∈ L p′
0(QT ) and fi ∈ L p′

i (QT )

}

.
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The duality of the spaces L �p(0, T ;W 1, �p
0 (�)) and L

�p′
(0, T ;W−1, �p′

(�)) is given
by relation

∫ T

0
〈F, v〉 dt =

N∑

i=0

∫

QT

fi D
iv dx for all v ∈ L �p(0, T ;W 1, �p

0 (�)).

Lemma 2.2 (cf. [21]) Let B0, B and B1 be Banach spaces with B0 ⊂ B ⊂ B1. Let
us set

Y = {
u : u ∈ Lq0(0, T ; B0) and u′ ∈ Lq1(0, T ; B1)

}

where q0 > 1 and q1 > 1 are real numbers.
Assume that the embedding B0 ↪→↪→ B is compact. Then the embedding

Y ↪→↪→ Lq0(0, T ; B)

is continuous and compact.

Remark 2.1 Let p >
2N

N + 2
, we set

B0 = W 1, �p
0 (�), B = L2(�) and B1 = W−1, �p′

(�),

then W 1, �p
0 (�) ⊂ L2(�) ⊂ W−1, �p′

(�) and the embedding W 1, �p
0 (�) ↪→↪→ L2(�)

is compact.
We set q0 = p and q1 = min{p′

0, p
′
1, . . . , p

′
N }. In view of Lemma 2.2, we obtain

{
u : u ∈ L �p(0, T ;W 1, �p

0 (�)) and u′ ∈ L
�p′
(0, T ;W−1, �p′

(�))
} ⊆ Y ↪→↪→ L1(QT ).

(2.5)

Moreover, in view of [4] we have

{
u : u ∈ L �p(0, T ;W 1, �p

0 (�)) and u′ ∈ L
�p′
(0, T ;W−1, �p′

(�))
} ⊆ C([0, T ]; L1(�)).

(2.6)

For more details, we refer the reader to [19].

3 Some technical Lemmas

Definition 3.1 Let k > 0, the truncation function Tk(·) : IR �−→ IR is defined as

Tk(s) =
{

s if |s| ≤ k,

k
s

|s| if |s| > k.
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Lemma 3.1 (cf. [11], Theorem 13.47) Let (un)n be a sequence in L1(�) and u ∈
L1(�) such that un → u a.e. in �, un, u ≥ 0 a.e. and

∫

�

un dx →
∫

�

u dx, then

un → u in L1(�).

Lemma 3.2 Let u ∈ L �p(0, T ;W 1, �p
0 (�)) then Tk(u) ∈ L �p(0, T ;W 1, �p

0 (�)) for any
k > 0. Moreover, we have

Tk(u) −→ u in L �p(0, T ;W 1, �p
0 (�)) as k → ∞.

Proposition 3.1 We introducea timemollificationof a functionu ∈ L �p(0, T ;W 1, �p
0 (�))

for all μ ≥ 0 by

uμ(x, t) = μ

∫ t

−∞
u(x, s)exp(μ(s − t)) ds where u(x, s) = u(x, s)χ(0,T )(s).

Then, the following assertions hold.

(i) If u ∈ L p0(QT ), then uμ is measurable in QT ,
∂uμ

∂t
= μ(u − uμ) and

∫

QT

|uμ|p0 dx dt ≤
∫

QT

|u|p0 dx dt .

(ii) If u ∈ L �p(0, T ;W 1, �p
0 (�)), then uμ → u in L �p(0, T ;W 1, �p

0 (�)) as μ → +∞.

(iii) If un → u in L �p(0, T ;W 1, �p
0 (�)), then (un)μ → uμ in L �p(0, T ;W 1, �p

0 (�)).

(iv) |(Tk(u))μ| ≤ k for all u ∈ L �p(0, T ;W 1, �p
0 (�)).

Proofs of Lemma 3.2 and Proposition 3.1 are similar to those in the classical space
L p(0, T ;W 1,p

0 (�)).

Lemma 3.3 Assume (1.2)–(1.4) hold. Let (un)n be a sequence in L �p(0, T ;W 1, �p
0 (�))

such that
∂un
∂t

∈ L
�p′
(0, T ;W−1, �p′

(�)), un⇀u in L �p(0, T ;W 1, �p
0 (�)) and

N∑

i=1

∫

QT

(
ai (x, t,∇un) − ai (x, t,∇u)

)
(Diun − Diu) dx dt

+
∫

QT

(
|un|p0−2un − |u|p0−2u

)
(un − u) dx dt −→ 0,

(3.1)

then un → u in L �p(0, T ;W 1, �p
0 (�)) for a subsequence.

Proof Let

Dn(x, t) =
N∑

i=1

(
ai (x, t,∇un) − ai (x, t,∇u)

)
(Diun − Diu)
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618 M. Chrif et al.

+(|un|p0−2un − |u|p0−2u
)
(un − u).

Thanks to (1.4) we have Dn is a positive function, and in view of (3.1), we get Dn → 0
in L1(QT ) as n → ∞ .

On one hand, since un⇀u in L �p(0, T ;W 1, �p
0 (�)), and in view of the compact

embedding (2.5), we have un → u strongly in L2(QT ), so that un → u a.e in
QT , and since Dn → 0 a.e in QT , there exists a subset B in QT with measure
zero such that for any (x, t) ∈ QT \B

|un(x, t)| < ∞, |Diun(x, t)| < ∞, |Ki (x, t)| < ∞,

un(x, t) → u(x, t) and Dn(x, t) → 0.

On the other hand, we have

Dn(x, t) =
N∑

i=1

(
ai (x, t,∇un) − ai (x, t,∇u)

)
(Diun − Diu)

+(|un|p0−2un − |u|p0−2u
)
(un − u)

≥ α

N∑

i=1

|Diun|pi

+α

N∑

i=1

|Diu|pi + |un|p0 + |u|p0 − β

N∑

i=1

(
K (x, t) + |Diun|pi−1)|Diu|

−β

N∑

i=1

(
K (x, t) + |Diu|pi−1)|Diun| − |un|p0−1|u| − |u|p0−1|un|

≥ α

N∑

i=0

|Diun|pi − Cx,t

N∑

i=0

(
1 + |Diun|pi−1 + |Diun|

)
,

where α = min(1, α) and Cx,t is a constant depending on (x, t), without dependence
on n. It follows that

Dn(x, t) ≥
N∑

i=0

|Diun|pi
(
α − Cx,t

|Diun|pi − Cx,t

|Diun| − Cx,t

|Diun|pi−1

)
.

By a standard argument (Diun)n is bounded almost everywhere in QT , (Indeed, if
|Diun| → ∞ in a measurable subset E ⊂ QT , then

lim
n→∞

∫

QT

Dn(x, t) dx dt ≥ lim
n→∞

N∑

i=0
∫

E
|Diun|pi

(
α − Cx,t

|Diun|pi − Cx,t

|Diun| − Cx,t

|Diun|pi−1

)
dx dt = ∞,
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which is absurd since Dn → 0 in L1(QT ) ).
Let ξ∗

i be an accumulation point of (Diun)n, we have |ξ∗
i | < ∞. By (3.1) and

the continuity of the Carathéodory function a(x, t, ·), we obtain

(
ai (x, t, ξ

∗) − ai (x, t,∇u)
)
(ξ∗

i − Diu) = 0.

Thanks to (1.4), we get ξ∗
i = Diu, and the uniqueness of the accumulation point

implies that Diun(x, t) → Diu(x, t) a.e in QT for i = 0, 1, · · · , N .

Now since (ai (x, t,∇un))n is bounded in L p′
i (QT ) and ai (x, t,∇un) →

ai (x, t,∇u) a.e in QT , one can establish that

ai (x, t,∇un)⇀ai (x, t,∇u) in L p′
i (QT ).

Using (3.1) and Lemma 3.1, we deduce that

|un|pi −→ |u|pi in L1(QT ), (3.2)

and

ai (x, t,∇un)D
iun −→ ai (x, t,∇u)Diu in L1(QT ). (3.3)

According to the condition (1.3), we have

α|Diun|pi ≤ ai (x, t,∇un)D
iun for i = 1, . . . , N .

Let yin = ai (x, t,∇un)Diun
α

and yi = ai (x,t,∇u)Diu
α

. In view of Fatou’s lemma, we

get

∫

QT

2yi dx dt ≤ lim inf
n→∞

∫

QT

(yin + yi − 1

2pi−1 |Diun − Diu|pi ) dx dt .

Hence 0 ≤ − lim sup
n→∞

∫

QT

|Diun − Diu|pi dx dt, and since

0 ≤ lim inf
n→∞

∫

QT

|Diun − Diu|pi dx dt ≤ lim sup
n→∞

∫

QT

|Diun − Diu|pi dx dt ≤ 0,

it follows that
∫

QT

|Diun − Diu|pi dx dt −→ 0 as n → ∞. Then we obtain

Diun −→ Diu in L pi (QT ) for i = 1, . . . , N .

Therefore, thanks to (3.2), we deduce that

un −→ u in L �p(0, T ;W 1, �p
0 (�)).
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This completes our proof. ��

4 Main results

For all k > 0 and s ∈ IR , we define

ϕk(r) =
∫ r

0
Tk(s) ds =

{
r2
2 if |r | ≤ k,

k|r | − k2
2 if |r | > k.

Definition 4.1 Ameasurable function u is an entropy solution of the parabolic problem
(1.1) if

Tk(u) ∈ L �p(0, T ;W 1, �p
0 (�)), g(x, t, u,∇u) ∈ L1(QT ), |u|p0−2u ∈ L1(QT ),

and

∫

�

ϕk(u − ψ)(T ) dx −
∫

�

ϕk(u − ψ)(0) dx +
∫

QT

∂ψ

∂t
Tk(u − ψ) dx dt

+
N∑

i=1

∫

QT

ai (x, t,∇u) DiTk(u − ψ) dx dt +
∫

QT

g(x, t, u,∇u)Tk(u − ψ) dx dt

+
∫

QT

d(x, t)|u|p0−2u Tk(u − ψ) dx dt

≤
∫

QT

f Tk(u − ψ) dx dt +
N∑

i=1

∫

QT

φi (u) DiTk(u − ψ) dx dt, (4.1)

for all ψ ∈ L �p(0, T ;W 1, �p
0 (�)) ∩ L∞(QT ) with

∂ψ

∂t
∈ L

�p′
(0, T ;W−1, �p′

(�))

+ L1(QT ).

Theorem 4.1 Assume (1.2)–(1.6) hold, with f ∈ L1(QT ), u0 ∈ L1(QT ) and
φ(·) ∈ C0(IR, IRN ). Then the problem (1.1) has at least one entropy solution.

Proof.
Step1:Approximateproblem.Let ( fn)n be a sequence in L

�p′
(0, T ;W−1, �p′

(�))∩
L1(QT ) such that fn −→ f in L1(QT ) with | fn| ≤ | f |, and let (u0,n)n be a
sequence in C∞

0 (�) such that u0,n → u0 in L1(�) and |u0,n| ≤ |u0|. Consider the
approximate problem

⎧
⎨

⎩

(un)t + Aun + gn(x, t, un,∇un) = fn − div φn(un) in QT ,

un(x, t) = 0 on �T ,

un(x, 0) = u0,n in �,

(4.2)
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where φn(s) = (φ1,n(s), . . . , φN ,n(s)) with φi,n(s) = φi (Tn(s)), i = 1, . . . , N , and
the nonlinear term gn(x, t, s, ξ) = Tn(g(x, t, s, ξ)). Note that

gn(x, t, s, ξ)s ≥ 0, |gn(x, t, s, ξ)| ≤ |g(x, t, s, ξ)| and

|gn(x, t, s, ξ)| ≤ n ∀n ∈ IN∗.

We define the operator Gn : L �p(0, T ;W 1, �p
0 (�)) �−→ L

�p′
(0, T ;W−1, �p′

(�)) by

∫ T

0
〈Gnu, v〉 dt =

∫

QT

gn(x, t, u,∇u)v dx dt

−
N∑

i=1

∫

QT

φi,n(u)Div dx dt ∀v ∈ L �p(0, T ;W 1, �p
0 (�)).

Thanks to Hölder’s inequality, we have

∣
∣
∣

∫ T

0
〈Gnu, v〉 dt

∣
∣
∣ ≤ ( 1

p0
+ 1

p′
0

) ∥
∥gn(x, t, u,∇u)

∥
∥
L p′0 (QT )

∥
∥v

∥
∥
L p0 (QT )

+
N∑

i=1

( 1

pi
+ 1

p′
i

)∥
∥φn(u)

∥
∥
L p′i (QT )

∥
∥Div

∥
∥
L pi (QT )

≤ 2
(
n meas(QT )

1
p′0 +

N∑

i=1

sup
|s|≤n

|φi (s)| meas(QT )

1
p′i

)
‖v‖

L �p(0,T ;W 1, �p
0 (�))

≤ C0‖v‖
L �p(0,T ;W 1, �p

0 (�))

(4.3)

for all u, v ∈ L �p(0, T ;W 1, �p
0 (�)).

In view of Lemma 5.1 (see Appendix), the operator Bn = A + Gn is bounded,
pseudo-monotone and coercive. Using (2.6), we conclude that there exists at least one
weak solution un ∈ L �p(0, T ;W 1, �p

0 (�)) of problem (4.2) (cf. [14]).
Step 2: Weak convergence of truncations. Let k ≥ 1. By taking Tk(un) as a test

function in (4.2), we obtain

∫ T

0
〈∂un

∂t
, Tk(un)〉 dt +

N∑

i=1

∫

QT

ai (x, t,∇un) D
iTk(un) dx dt

+
∫

QT

d(x, t)|un|p0−2unTk(un) dx dt

+
∫

QT

gn(x, t, un,∇un)Tk(un) dx dt

=
∫

QT

fnTk(un) dx dt +
N∑

i=1

∫

QT

φi,n(un) D
iTk(un) dx dt . (4.4)
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We have ϕk(r) =
∫ r

0
Tk(s) ds and since |ϕk(r)| ≤ k|r |, then

∫ T

0
〈∂un

∂t
, Tk(un)〉 dt =

∫

�

∫ T

0

∂un
∂t

Tk(un) dt dx =
∫

�

∫ T

0

∂ϕk(un)

∂t
dt dx

=
∫

�

ϕk(un(T )) dx −
∫

�

ϕk(u0,n) dx

≥
∫

�

ϕk(un(T )) dx − k‖u0‖L1(�). (4.5)

For the second and third terms on the left-hand side of (4.4), we have

∫

QT

ai (x, t,∇un) D
iTk(un) dx dt ≥ α

∫

QT

|DiTk(un)|pi dx dt (4.6)

and
∫

QT

d(x, t)|un|p0−2unTk(un) dx dt ≥ d0

∫

QT

|Tk(un)|p0 dx dt . (4.7)

Having in mind the sign condition, the fourth term on the left-hand side of (4.4) is
positive. Concerning the two terms on the right-hand side of (4.4),we have

∫

QT

fn Tk(un) dx dt ≤ k
∫

QT

| fn| dx dt ≤ k‖ f ‖L1(QT ). (4.8)

Taking �i,n(s) =
∫ s

0
φi,n(σ ) dσ , then �i,n(0) = 0 and �i,n(·) ∈ C1(IR), and in

view of Green formula, we obtain

∫

QT

φi,n(un)D
iTk(un) dx dt

=
∫ T

0

∫

�

Di�i,n(Tk(un)) dx dt

=
∫ τ

0

∫

∂�

�i,n(Tk(un)).ni dσ dt = 0, (4.9)

since un = 0 on ∂� × (0, T ), where �n = (n1, n2, . . . , nN ) is the exterior normal
vector on the boundary ∂� × (0, T ).

By combining (4.4)–(4.9), we deduce that

∫

�

ϕk(un(T )) dx + α

N∑

i=1

∫

QT

|DiTk(un)|pi dx dt

+d0

∫

QT

|Tk(un)|p0 dx dt ≤ k(‖u0‖L1(�) + ‖ f ‖L1(QT )). (4.10)
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Since ϕk(un(T )) ≥ 0, then there exists a constant C2 that does not depend on n
and k, such that

N∑

i=1

‖DiTk(un)‖p

L pi (QT )
+ ‖Tk(un)‖p

L p0 (QT )

≤
N∑

i=1

∫

QT

|DiTk(un)|pi dx dt +
∫

QT

|Tk(un)|p0 dx dt + N + 1

≤ kC3.

Thus, we get

‖Tk(un)‖L �p(0,T ;W 1, �p
0 (�))

≤ C3k
1
p . (4.11)

Let k ≥ 1, we have

k meas
{|un| > k

}

=
∫

{|un |>k}
|Tk(un)| dx dt ≤

∫

QT

|Tk(un)| dx dt

≤ meas(QT )
1
p′0 ‖Tk(un)‖L �p(0,T ;W 1, �p

0 (�))

≤ C4k
1
p ,

which implies that

meas
{|un| > k

} ≤ C4
1

k
1− 1

p

−→ 0 as k → +∞. (4.12)

For all λ > 0, we have

meas
{|un − um | > λ

} ≤ meas
{|un| > k

} + meas
{|um | > k

}

+meas
{|Tk(un) − Tk(um)| > λ

}
. (4.13)

On one hand, using (4.12), we get for all ε > 0, there exists k0 > 0 such that

meas
{|un| > k

} ≤ ε

3
and meas

{|um | > k
} ≤ ε

3
∀k ≥ k0(ε). (4.14)

On the other hand, in view of (4.11), (Tk(un))n is bounded in L �p(0, T ;W 1, �p
0 (�)).

Then there exists a sequence still denoted by (Tk(un))n such that

Tk(un)⇀ηk in L �p(0, T ;W 1, �p
0 (�)) as n → +∞,
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and by the compact embedding (2.5), we obtain

Tk(un) −→ ηk in L1(QT ) and a.e in QT .

Thus, we can assume that (Tk(un))n is a Cauchy sequence in measure in QT . Hence
for all k > 0 and λ, ε > 0 there exists n0 = n0(k, λ, ε) such that

meas
{|Tk(un) − Tk(um)| > λ

} ≤ ε

3
∀n,m ≥ n0. (4.15)

By combining (4.13)–(4.15),wededuce that for all ε, λ > 0, there exists n0 = n0(λ, ε)

such that

meas{|un − um | > λ} ≤ ε ∀n,m ≥ n0. (4.16)

If follows that (un)n is a Cauchy sequence in measure. So that there exists a subse-
quence still denoted (un)n such that

un −→ u a.e in QT .

Hence we have

Tk(un)⇀Tk(u) in L �p(0, T ;W 1, �p
0 (�)). (4.17)

Applying Lebesgue dominated convergence theorem, we get

Tk(un) −→ Tk(u) in L p0(QT ). (4.18)

Step 3: A priori estimates. Let h > 0, taking Th+1(un) − Th(un) as a test function
in (4.2), we obtain

∫ T

0
〈∂un

∂t
, Th+1(un) − Th(un)〉 dt

+
N∑

i=1

∫

QT

ai (x, t,∇un)(D
iTh+1(un) − DiTh(un)) dx dt

+
∫

QT

gn(x, t, un,∇un)(Th+1(un) − Th(un)) dx dt

+
∫

QT

d(x, t)|un|p0−2un(Th+1(un) − Th(un)) dx dt

=
∫

QT

fn · (Th+1(un) − Th(un)) dx dt

+
N∑

i=1

∫

QT

φi,n(un) · (DiTh+1(un) − DiTh(un)) dx dt .
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We have

∫ T

0
〈∂un

∂t
, Th+1(un) − Th(un)〉 dt

=
∫

�

∫ T

0

∂ϕh+1(un)

∂t
dt dx −

∫

�

∫ T

0

∂ϕh(un)

∂t
dt dx

=
∫

�

ϕh+1(un(T )) − ϕh+1(u0,n) dx −
∫

�

ϕh(un(T )) − ϕh(u0,n) dx

with
∫

�

ϕh+1(un(T )) dx −
∫

�

ϕh(un(T )) dx

=
∫

{h≤|un(T )|<h+1}
(
u2n(T )

2
− h|un(T )| + h2

2
) dx

+
∫

{h+1≤|un(T )|}
(|un(T )| − h − 1

2
) dx ≥ 0. (4.19)

Similarly to (4.9), we have

∫

QT

φi,n(un)(D
iTh+1(un) − DiTh(un)) dx dt

=
∫

QT

φi,n(Th+1(un))D
iTh+1(un) dx dt

−
∫

QT

φi,n(Th(un))D
iTh(un) dx dt

=
∫

QT

Di�i,n(Th+1(un)) dx dt

−
∫

QT

Di�i,n(Th(un)) dx dt = 0. (4.20)

Now since Th+1(un)−Th(un) has the same sign as un and |Th+1(un)−Th(un)| ≤ 1,
we get

α

N∑

i=1

∫

{h≤|un |<h+1}
|Diun|pi dx dt + d0

∫

{h+1≤|un |}
|un|p0−1 dx dt

≤
∫

{|un |≥h}
| f | dx dt +

∫

�

ϕh+1(u0,n) dx −
∫

�

ϕh(u0,n) dx .

(4.21)

Concerning the terms on the right-hand side of (4.21), we have

∫

{|un |≥h}
| f | dx dt −→ 0 as h → ∞, (4.22)
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and since u0,n → u0 in L1(�), then

∫

�

ϕh+1(u0,n) dx −
∫

�

ϕh(u0,n) dx

=
∫

{h≤|u0,n |<h+1}
(
|u0,n|2

2
− h|u0,n| + h2

2
) dx

+
∫

{h+1≤|u0,n |}
(|u0,n| − h − 1

2
) dx

≤
∫

{h≤|u0,n |<h+1}
1

2
dx

+
∫

{h+1≤|u0,n |}
|u0| dx −→ 0 as h → ∞. (4.23)

By combining (4.21)–(4.23), we deduce that

N∑

i=1

∫

{h≤|un |<h+1}
|Diun|pi dx dt → 0 as h → ∞, (4.24)

and

∫

{h+1≤|un |}
|un|p0−1 dx dt −→ 0 as h → ∞. (4.25)

Step 4:Convergence of the gradient. In the sequel, we denote by εi (n), i = 1, 2, . . .
various functions of real numbers which converges to 0 as n tends to infinity
(respectively for εi (n, μ) and εi (n, μ, h)).

Let ξk(s) = s. exp(γ s2) where γ = ( b(k)
2α

)2
. It is obvious that

ξ ′
k(s) − b(k)

α
|ξk(s)| ≥ 1

2
∀s ∈ IR.

Let ωn,μ = Tk(un) − (Tk(u))μ, where (Tk(u))μ is the mollification, with respect to
time, of Tk(u).

Let h ≥ k > 0, taking Sh(·) ∈ C2(IR) an increasing function, such that Sh(r) = r
for |r | ≤ h and supp(S′

h) ⊂ [−h−1, h+1], then supp(S′′
h ) ⊂ [−h−1,−h]∪[h, h+1].

Since Tk(un) − (Tk(u))μ have the same sign as un on the set {|un| > k}, then, by
using ξk(ωn,μ)S′

h(un) as a test function in (4.2), we obtain

J 1
n,μ,h + J 2

n,μ,h + J 3
n,μ,h + J 4

n,μ,h + J 5
n,μ,h ≤ J 6

n,μ,h + J 7
n,μ,h + J 8

n,μ,h, (4.26)
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where

J 1
n,μ,h =

∫ T

0
〈∂un

∂t
, ξk(ωn,μ)S′

h(un)〉 dt,

J 2
n,μ,h =

N∑

i=1

∫

QT

S′
h(un)ai (x, t,∇un)(D

iTk(un) − Di (Tk(u))μ)ξ ′
k(ωn,μ) dx dt,

J 3
n,μ,h =

N∑

i=1

∫

QT

ξk(ωn,μ)S′′
h (un)ai (x, t,∇un) D

iun dx dt,

J 4
n,μ,h =

∫

{|un |≤k}
gn(x, t, un,∇un)ξk(ωn,μ) dx dt,

J 5
n,μ,h =

∫

{|un |≤k}
d(x, t)|un|p0−2unξk(ωn,μ) dx dt,

J 6
n,μ,h =

∫

QT

fn S
′
h(un)ξk(ωn,μ) dx dt,

J 7
n,μ,h =

N∑

i=1

∫

QT

S′
h(un)φi,n(un)(D

iTk(un) − Di (Tk(u))μ)ξ ′
k(ωn,μ) dx dt,

J 8
n,μ,h =

N∑

i=1

∫

QT

φi,n(un)D
iunS

′′
h (un)ξk(ωn,μ) dx dt .

(4.27)

The first term: We have

J 1
n,μ,h =

∫

QT

∂Sh(un)

∂t
ξk(Tk(un) − (Tk(u))μ) dx dt

=
∫

QT

∂(Sh(un) − Tk(un))

∂t
ξk(Tk(un) − (Tk(u))μ) dx dt

+
∫

QT

∂Tk(un)

∂t
ξk(Tk(un) − (Tk(u))μ) dx dt

=
[ ∫

�

(Sh(un) − Tk(un))ξk(Tk(un) − (Tk(u))μ) dx
]T

0

−
∫

QT

(Sh(un) − Tk(un))ξ
′
k(Tk(un) − (Tk(u))μ)

(∂Tk(un)

∂t
− ∂(Tk(u))μ

∂t

)
dx dt

+
∫

QT

∂Tk(un)

∂t
ξk(Tk(un) − (Tk(u))μ) dx dt

= I1 + I2 + I3.

(4.28)

Concerning the first term on the right hand side of (4.28), we have Sh(un) = Tk(un) =
un on {|un| ≤ k}, and |Sh(un)| ≥ |Tk(un)| on the set {|un| > k}. Since Sh(un)
and Tk(un) have the same sign of un, we obtain

I1 =
[ ∫

{|un |>k}
(Sh(un) − Tk(un))ξk(Tk(un) − (Tk(u))μ) dx

]T

0

≥ −
∫

{|u0,n |>k}
(Sh(u0,n) − Tk(u0,n))ξk(Tk(u0,n) − (Tk(u0))μ) dx .

Since (Tk(u0))μ = Tk(u0), we deduce that I1 ≥ ε1(n), with
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ε1(n) = −
∫

{|u0,n |>k}
(Sh(u0,n) − Tk(u0,n))ξk(Tk(u0,n) − Tk(u0)) dx −→

0 as n → ∞.

For the second term on the right-hand side of (4.28), we have (Sh(un) −
Tk(un))

∂Tk(un)

∂t
= 0. Hence

I2 =
∫

{|un |>k}
(Sh(un) − Tk(un))ξ

′
k(Tk(un) − (Tk(u))μ)

∂(Tk(u))μ

∂t
dx dt

= μ

∫

{|un |>k}
(Sh(un) − Tk(un))ξ

′
k(Tk(un) − (Tk(u))μ)(Tk(u) − (Tk(u))μ) dx dt

= μ

∫

{|un |>k}
(Sh(un) − Tk(un))ξ

′
k(Tk(un) − (Tk(u))μ)(Tk(u) − Tk(un)) dx dt

+μ

∫

{|un |>k}
(Sh(un) − Tk(un))ξ

′
k(Tk(un) − (Tk(u))μ)(Tk(un) − (Tk(u))μ) dx dt

≥ μ

∫

{|un |>k}
(Sh(un) − Tk(un))ξ

′
k(Tk(un) − (Tk(u))μ)(Tk(u) − Tk(un)) dx dt .

It follows that I2 ≥ ε2(n).

Concerning the last term I3, let �(s) = 1

2γ
exp(γ s2), then � ′(s) = ξk(s), and

we obtain

I3 =
∫

QT

∂(Tk(un) − (Tk(u))μ)

∂t
ξk(Tk(un) − (Tk(u))μ) dx dt

+
∫

QT

∂(Tk(u))μ

∂t
ξk(Tk(un) − (Tk(u))μ) dx dt

=
[ ∫

�

�(Tk(un) − (Tk(u))μ) dx
]T

0

+μ

∫

QT

(Tk(u) − (Tk(u))μ)ξk(Tk(un) − (Tk(u))μ) dx dt

≥ −
∫

�

�(Tk(u0,n) − Tk(u0)) dx

+μ

∫

QT

(Tk(u) − (Tk(u))μ)ξk(Tk(un) − (Tk(u))μ) dx dt

≥ ε3(n)

+μ

∫

QT

(Tk(u) − (Tk(u))μ)ξk(Tk(u) − (Tk(u))μ) dx dt

≥ ε3(n).

Combining these last estimates, we conclude that

J 1
n,μ,h ≥ ε4(n), (4.29)

with ε4(n) = ε1(n) + ε2(n) + ε3(n).
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The second term:We have S′
h(s) ≥ 0 and S′

h(s) = 1 for |s| ≤ k, with supp(S′
h) ⊂

[−h − 1, h + 1], then

J 2
n,μ,h=

N∑

i=1

∫

{|un |≤k}
ai (x, t,∇Tk(un))(D

iTk(un) − Di (Tk(u))μ)ξ ′
k(ωn,μ) dx dt

−
N∑

i=1

∫

{k<|un |≤h+1}
S′
h(un)ai (x, t,∇Th+1(un)) D

i (Tk(u))μξ ′
k(ωn,μ) dx dt

≥
N∑

i=1

∫

QT

(
ai (x, t,∇Tk(un))

−ai (x, t,∇Tk(u))
)
(DiTk(un) − DiTk(u))ξ ′

k(ωn,μ) dx dt

− ξ ′
k(2k)

N∑

i=1

∫

QT

|ai (x, t,∇Tk(u))| |DiTk(un) − DiTk(u)| dx dt

− ξ ′
k(2k)

N∑

i=1

∫

{|un |>k}
|ai (x, t,∇Tk(un))| |Di (Tk(u))μ| dx dt

− ξ ′
k(2k)

N∑

i=1

∫

QT

|ai (x, t,∇Tk(un))| |DiTk(u) − Di (Tk(u))μ| dx dt

− ξ ′
k(2k)‖S′

h‖L∞(IR)

N∑

i=1

∫

{k<|un |≤h+1}
|ai (x, t,∇Th+1(un))||Di (Tk(u))μ| dx dt . (4.30)

Since ai (x, t,∇Tk(u)) is bounded in L p′
i (QT ), and DiTk(un)⇀DiTk(u) in L pi (QT ),

we get
∫

QT

|ai (x, t,∇Tk(u))| |DiTk(un) − DiTk(u)| dx dt −→ 0 as n → ∞. (4.31)

For the three last terms on the right-hand side of (4.30), we have |ai (x, t,∇Tk(un))| is
bounded in L p′

i (QT ), then there existsϑi ∈ L p′
i (QT ) such that |ai (x, t,∇Tk(un))|⇀ϑi

weakly in L p′
i (QT ), and since Di (Tk(u))μ → DiTk(u) in L pi (QT ), it follows that

∫

{|un |>k}
|ai (x, t,∇Tk(un))| |Di (Tk(u))μ| dx dt −→

∫

{|u|>k}
ϑi |Di Tk(u)| dx dt = 0 as μ, n → ∞.

(4.32)

Similarly, we can prove that

∫

QT

|ai (x, t, ∇Tk(un))| |DiTk(u) − Di (Tk(u))μ| dx dt −→ 0 as μ and n → ∞,

(4.33)
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and

∫

{k<|un |≤h+1}
|ai (x, t, ∇Th+1(un))| |Di (Tk(u))μ| dx dt −→ 0 as μ and n → ∞.

(4.34)

By combining (4.30)–(4.34), we deduce that

J 2
n,μ,h

≥
N∑

i=1

∫

QT

(
ai (x, t,∇Tk(un)) − ai (x, t,∇Tk(u))

)
(DiTk(un)

−DiTk(u))ξ ′
k(ωn,μ) dx dt + ε5(μ, n). (4.35)

The third term: We have supp(S′′
h ) ⊂ [−h − 1,−h] ∪ [h, h + 1], and in view of

Young’s inequality, we obtain

∣
∣J 3

n,μ,h

∣
∣ ≤ ‖S′′

h‖L∞(IR)

N∑

i=1

∫

{h<|un |≤h+1}
|ai (x, t,∇Th+1(un))| |ξk(ωn,μ)| |Di Th+1(un)| dx dt

≤ β‖S′′
h‖L∞(IR)

N∑

i=1

∫

{h<|un |≤h+1}
(Ki (x, t) + |Di Th+1(un)|pi−1)|ξk(ωn,μ)| |Di Th+1(un)| dx dt

≤ β‖S′′
h‖L∞(IR)

N∑

i=1

∫

{h<|un |≤h+1}
|ξk(ωn,μ)| |Ki (x, t)|p′

i

p′
i

dx dt

+β|ξk(2k)| ‖S′′
h‖L∞(IR)

N∑

i=1

∫

{h<|un |≤h+1}
(
1

pi
+ 1)|Di Th+1(un)|pi dx dt .

Since ωn,μ = Tk(un) − (Tk(u))μ⇀0 weak-� in L∞(QT ), then

∫

{h<|un |≤h+1}
|ξk(ωn,μ)| |Ki (x, t)|p′

i

p′
i

dx dt −→ 0 as μ, n → ∞,

Thanks to (4.24), we obtain

∫

{h<|un |≤h+1}
(
1

pi
+ 1)|DiTh+1(un)|pi dx dt −→ 0 as h → ∞.

It follows that

J 3
n,μ,h −→ 0 as μ, n then h → ∞. (4.36)
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The fourth term: Using (1.3) and (1.6), we have

∣
∣J 4

n,μ,h

∣
∣ ≤

∫

{|un |≤k}
|gn(x, t, Tk(un),∇Tk(un))||ξk(ωn,μ)| dx dt

≤ b(k)
∫

{|un |≤k}
(c(x, t) +

N∑

i=1

|DiTk(un)|pi )|ξk(ωn,μ)| dx dt

≤ b(k)
∫

{|un |≤k}
c(x, t)|ξk(ωn,μ)| dx dt

+b(k)

α

N∑

i=1

∫

QT

(ai (x, t,∇Tk(un))

−ai (x, t,∇Tk(u)))(DiTk(un) − DiTk(u)) |ξk(ωn,μ)| dx dt

+b(k)

α

N∑

i=1

∫

QT

ai (x, t,∇Tk(u))(DiTk(un) − DiTk(u)) |ξk(ωn,μ)| dx dt

+b(k)

α

N∑

i=1

∫

QT

ai (x, t,∇Tk(un)) D
iTk(u) |ξk(ωn,μ)| dx dt . (4.37)

We also have ξk(Tk(un) − (Tk(u))μ)⇀0 weak-� in L∞(QT ). This implies that

∫

{|un |≤k}
c(x, t)|ξk(ωn,μ)| dx dt −→ 0 as n, μ → ∞. (4.38)

Concerning the third and last terms on the right-hand side of (4.37), we have
∣
∣
∣

∫

QT

ai (x, t,∇Tk(u))(Di Tk(un) − DiTk(u))|ξk(ωn,μ)| dx dt
∣
∣
∣

≤ ξk(2k)
∫

QT

|ai (x, t,∇Tk(u))| |DiTk(un) − DiTk(u)| dx dt −→ 0 as n → ∞,

(4.39)

and
∫

QT

ai (x, t,∇Tk(un)) D
iTk(u) |ξk(ωn,μ)| dx dt −→ 0 as n and μ → ∞. (4.40)

Having in mind (4.37)–(4.40), we conclude that

∣
∣J 4

n,μ,h

∣
∣ ≤ b(k)

α

N∑

i=1

∫

QT

(ai (x, t,∇Tk(un))

−ai (x, t,∇Tk(u)))(DiTk(un)

−DiTk(u)) |ξk(ωn,μ)| dx dt

+ε6(n, μ). (4.41)
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The fifth term: We have

J 5
n,μ,h =

∫

{|un |≤k}
d(x, t)|Tk(un)|p0−2Tk(un)(Tk(un) − (Tk(u))μ) exp(γω2

n,μ) dx dt

≥ d0

∫

QT

(
|Tk(un)|p0−2Tk(un) − |Tk(u)|p0−2Tk(u)

)
(Tk(un)

−Tk(u)) exp(γω2
n,μ) dx dt

+
∫

QT

d(x, t)|Tk(u)|p0−2Tk(u)(Tk(un) − Tk(u)) exp(γω2
n,μ) dx dt

+
∫

{|un |≤k}
d(x, t)|Tk(un)|p0−2Tk(un)(Tk(u) − (Tk(u))μ) exp(γω2

n,μ) dx dt

−
∫

{|un |>k}
d(x, t)|Tk(un)|p0−2Tk(un)(Tk(un) − Tk(u)) exp(γω2

n,μ) dx dt .

Since Tk(un) − Tk(u) → 0 and Tk(u) − (Tk(u))μ → 0 strongly in L p0(QT ), then
the three last terms on the right-hand side tends to 0, and we obtain

J 5
n,μ,h ≥ d0

∫

QT

(|Tk(un)|p0−2Tk(un) − |Tk(u)|p0−2Tk(u)
)

(Tk(un) − Tk(u)) dx dt + ε7(n, μ). (4.42)

The sixth term:
We have fn → f in L1(QT ), and since ξk(ωn,μ)⇀0 weak-� in L∞(QT ), then

∣
∣J 6

n,μ,h

∣
∣ ≤ ‖S′

h‖L∞(IR)

∫

QT

| fn | |ξk(Tk(un) − (Tk(u))μ)| dx dt −→ 0 as n, μ → 0.

(4.43)

The seventh and last terms: Let n be large enough, it’s clear that φi,n(Th+1(un)) =
φi (Th+1(un)) → φi (Th+1(u)) in L p′

i (QT ), and since DiTk(un) − Di (Tk(u))μ⇀0
in L pi (QT ), we conclude that

∣
∣J 7

n,μ,h

∣
∣ ≤

N∑

i=1

∣
∣
∣

∫

{|un |≤h+1}
φi,n(Th+1(un))(D

iTk(un)

−Di (Tk(u))μ)S′
h(un)ξ

′
k(ωn,μ) dx dt

∣
∣
∣

≤ ξ ′
k(2k)‖S′

h‖∞
N∑

i=1

∫

{|un |≤h+1}
|φi (Th+1(un))| |DiTk(un)

−Di (Tk(u))μ| dx dt → 0, (4.44)

as n and μ tend to infinity. Concerning the last term, in view of Young’s inequality
and (4.24), we obtain
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∣
∣J 8

n,μ,h

∣
∣ ≤

N∑

i=1

∣
∣
∣

∫

{h<|un |≤h+1}
φi,n(Th+1(un))D

iunS
′′
h (un)ξk(ωn,μ) dx dt

∣
∣
∣

≤ ‖S′′
h‖L∞(IR)

N∑

i=1

∫

{h<|un |≤h+1}
|φi,n(Th+1(un))||Diun||ξk(ωn,μ)| dx dt

≤ ‖S′′
h‖L∞(IR)

N∑

i=1

∫

{h<|un |≤h+1}
|φi,n(Th+1(un))|p′

i

p′
i

|ξk(ωn,μ)| dx dt

+ξk(2k)‖S′′
h‖L∞(IR)

N∑

i=1

∫

{h<|un |≤h+1}
|Diun|pi

pi
dx dt −→ 0

as n, μ then h → ∞. (4.45)

Combining (4.29), (4.35), (4.36) and (4.41)–(4.45), we deduce that

N∑

i=1

∫

QT

(
ai (x, t,∇Tk(un)) − ai (x, t,∇Tk(u))

)
(DiTk(un)

−DiTk(u))
(
ξ ′
k(ωn,μ) − b(k)

α
|ξk(ωn,μ)|

)
dx dt

+d0

∫

QT

(|Tk(un)|p0−2Tk(un)

−|Tk(u)|p0−2Tk(u))(Tk(un) − Tk(u)) dx dt

≤ ε9(n, μ, h).

By letting n, μ and h tend to infinity, we get

lim
n→∞

N∑

i=1

∫

QT

(
ai (x, t,∇Tk(un)) − ai (x, t,∇Tk(u))

)
(Di Tk(un) − DiTk(u)) dx dt

+ d0

∫

QT

(|Tk(un)|p0−2Tk(un) − |Tk(u)|p0−2Tk(u))(Tk(un) − Tk(u)) dx dt = 0.

In view of Lemma 3.3, we obtain

Tk(un) −→ Tk(u) in L �p(0, T ;W 1, �p
0 (�)) and Diun −→ Diu a.e in QT .

(4.46)

Step 5 : The equi-integrability of (gn(x, t, un,∇un))n and (|un|p0−2un)n . We
prove that

gn(x, t, un,∇un) −→ g(x, t, u,∇u) and

|un|p0−2un −→ |u|p0−2u strongly in L1(QT ).

123

Content courtesy of Springer Nature, terms of use apply. Rights reserved.



634 M. Chrif et al.

Using Vitali’s theorem, it suffices to prove that the sequences (gn(x, t, un,∇un))n
and (|un|p0−2un)n are uniformly equi-integrable. Indeed, taking Th+1(un)− Th(un)
as a test function in (4.2), we have

∫

QT

∂ϕh+1(un)

∂t
− ∂ϕh(un)

∂t
dt dx +

N∑

i=1

∫

{h≤|un |≤h+1}
ai (x, t,∇un) D

iun dx dt

+
∫

{h≤|un |}
gn(x, t, un,∇un)(Th+1(un) − Th(un)) dx dt

+
∫

{h≤|un |}
d(x, t)|un|p0−2un(Th+1(un) − Th(un)) dx dt

=
∫

{h≤|un |}
fn · (Th+1(un) − Th(un)) dx dt

+
N∑

i=1

∫

QT

φi,n(un)(D
iTh+1(un) − DiTh(un)) dx dt . (4.47)

We also have

∫

QT

∂ϕh+1(un)

∂t
− ∂ϕh(un)

∂t
dt dx =

∫

�

ϕh+1(un(T )) dx −
∫

�

ϕh+1(u0,n) dx

−
∫

�

ϕh(un(T )) dx +
∫

�

ϕh(u0,n) dx .

Now by (4.19), we get

∫

QT

∂ϕh+1(un)

∂t
− ∂ϕh(un)

∂t
dt dx ≥ −

∫

�

ϕh+1(u0,n) dx +
∫

�

ϕh(u0,n) dx .

Using (1.3) and (4.20), we obtain

∫

{h+1≤|un |}
|gn(x, t, un,∇un)| dx dt + d0

∫

{h+1≤|un |}
|un|p0−1 dx dt

≤
∫

{h≤|un |}
gn(x, t, un,∇un)(Th+1(un) − Th(un)) dx dt

+
∫

{h≤|un |}
d(x, t)|un|p0−2un(Th+1(un) − Th(un)) dx dt

≤
∫

{h≤|un |}
| f | dx dt +

∫

�

ϕh+1(u0,n) dx −
∫

�

ϕh(u0,n) dx .

(4.48)

Hence, on one hand, in view of (4.22)–(4.23), we deduce that for all η > 0, there
exists h(η) > 0 such that

∫

{h(η)≤|un |}
|gn(x, t, un,∇un)| dx dt + d0

∫

{h(η)≤|un |}
|un|p0−1 dx dt ≤ η

2
. (4.49)
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On the other hand, for any measurable subset E ⊂ QT , we have

∫

E
|gn(x, t, un,∇un)| dx dt + d0

∫

E
|un|p0−1 dx dt

≤ b(h(η))

∫

E
(c(x, t) +

N∑

i=1

|DiTh(η)(un)|pi ) dx dt

+d0

∫

E
|Th(η)(un)|p0−1 dx dt

+
∫

{h(η)≤|un |}
|gn(x, t, un,∇un)| dx dt

+d0

∫

{h(η)≤|un |}
|un|p0−1 dx dt . (4.50)

Thanks to (4.46), there exists β(η) > 0 such that

b(h(η))

∫

E
(c(x, t) +

N∑

i=1

|DiTh(η)(un)|pi ) dx dt + d0

∫

E
|Th(η)(un)|p0−1 dx dt

≤ η

2
for meas(E) ≤ β(η). (4.51)

Finally, by combining (4.49),(4.50) and (4.51), we obtain

∫

E
|gn(x, t, un,∇un)| dx dt + d0

∫

E
|un|p0−1 dx dt ≤ η,

with meas(E) ≤ β(η), (4.52)

which implies that (gn(x, t, un,∇un))n and (|un|p0−2un)n are uniformly equi-
integrable. Then, in view of Vitali’s theorem, we deduce that

gn(x, t, un,∇un) −→ g(x, t, u,∇u) and |un |p0−2un −→ |u|p0−2u in L1(QT ).

(4.53)

Step 6 : The convergence of un in C([0, T ]; L1(�)). Let m and n be two
integers, then un and um verifies

∫ T

0
〈∂un

∂t
− ∂um

∂t
, ψ〉 dt +

N∑

i=1

∫

QT

(
ai (x, t,∇un) − ai (x, t,∇um)

)
Diψ dx dt

+
∫

QT

(
gn(x, t, un,∇un) − gm(x, t, um,∇um)

)
ψ dx dt

+
∫

QT

d(x, t)
(|un|p0−2un − |um |p0−2um

)
ψ dx dt

=
∫

QT

( fn − fm)ψ dx dt +
N∑

i=1

∫

QT

(
φi,n(un) − φi,m(um)

)
Diψ dx dt,
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for all ψ ∈ L �p(0, T ;W 1, �p
0 (�)) ∩ L∞(QT ). By taking ψ = T1(un − um) · χ[0,s] for

0 < s ≤ T , we obtain

∫

�

∫ s

0

∂ϕ1(un − um)

∂t
dt dx

+
N∑

i=1

∫ s

0

∫

�

(
ai (x, t,∇un) − ai (x, t,∇um)

)
DiT1(un − um) dx dt

+
∫ s

0

∫

�

(
gn(x, t, un,∇un) − gm(x, t, um,∇um)

)
T1(un − um) dx dt

+
∫ s

0

∫

�

d(x, t)
(|un|p0−2un − |um |p0−2um

)
T1(un − um) dx dt

=
∫ s

0

∫

�

( fn − fm)T1(un − um) dx dt

+
N∑

i=1

∫

QT

(
φi,n(un) − φi,m(um)

)
DiT1(un − um) dx dt . (4.54)

Note that we have

∫

�

∫ s

0

∂ϕ1(un − um)

∂t
dt dx =

∫

�

ϕ1(un(s) − um(s)) dx −
∫

�

ϕ1(u0,n − u0,m) dx .

Concerning the terms on the left-hand side of (4.54), it’s clear that DiT1(un − um) =
(Diun − Dium).χ{|un−um |≤1}. Then

N∑

i=1

∫ s

0

∫

�

(
ai (x, t,∇un) − ai (x, t,∇um)

)
DiT1(un − um) dx dt ≥ 0. (4.55)

In view of (4.53), we get

0 ≤
∫ s

0

∫

�

d(x, t)
(
|un|p0−2un − |um |p0−2um

)
T1(un − um) dx dt

≤ ‖d(·)‖L∞(QT )

∫

QT

∣
∣
∣|un|p0−2un − |um |p0−2um

∣
∣
∣ dx dt −→ 0,

and

∣
∣
∣

∫ s

0

∫

�

(gn(x, t, un,∇un) − gm(x, t, um,∇um))T1(un − um) dx dt
∣
∣
∣

≤
∫

QT

|gn(x, t, un,∇un) − gm(x, t, um,∇um)| dx dt −→ 0,
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as n and m tend to infinity. For the terms on the right-hand side of (4.54), we have

∣
∣
∣

∫ s

0

∫

�

( fn − fm) · T1(un − um) dx dt
∣
∣
∣

≤
∫

QT

| fn − fm | dx dt −→ 0 as n,m → ∞.

Also, we prove that (see Appendix)

N∑

i=1

∫

QT

(
φi,n(un) − φi,m(um)

)
DiT1(un − um) dx dt −→ 0 as n,m → ∞.

Now since ϕ1(u0,n − u0,m) → 0 in L1(�), then

∫

�

ϕ1(un(s) − um(s)) dx −→ 0 as n,m → ∞. (4.56)

We also have
∫

{|un−um |≤1}
|un(s) − um(s)|2 dx +

∫

{|un−um |>1}
|un(s) − um(s)| dx

≤ 2
∫

�

ϕ1(un(s) − um(s)) dx, (4.57)

and
∫

�

|un(s) − um(s)| dx =
∫

{|un−um |≤1}
|un(s) − um(s)| dx

+
∫

{|un−um |>1}
|un(s) − um(s)| dx

≤
( ∫

{|un−um |≤1}
|un(s) − um(s)|2 dx

) 1
2 · (meas(�))

1
2

+
∫

{|un−um |>1}
|un(s) − um(s)| dx . (4.58)

Hence in view of (4.56)–(4.58), we deduce that

∫

�

|un(s) − um(s)| dx −→ 0 as m, n → ∞. (4.59)

Thus (un)n is a Cauchy sequence in C([0, T ]; L1(�)). Therefore un converges to
u ∈ C([0, T ]; L1(�)) and we have un(s) → u(s) in L1(�) for any 0 ≤ s ≤ T .

Step 7 : Passage to the limit. Let ψ ∈ L �p(0, T ;W 1, �p
0 (�)) ∩ L∞(QT ) with

∂ψ

∂t
∈ L

�p′
(0, T ;W−1, �p′

(�)) + L1(QT ), and M = k + ‖ψ‖L∞(QT ) with k > 0.
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Choose Tk(un − ψ) as a test function in (4.2), we obtain

∫ T

0
〈∂un

∂t
, Tk(un − ψ)〉 dt +

N∑

i=1

∫

QT

ai (x, t,∇un) D
iTk(un − ψ) dx dt

+
∫

QT

gn(x, t, un,∇un)Tk(un − ψ) dx dt

+
∫

QT

d(x, t)|un|p0−2unTk(un − ψ) dx dt

=
∫

QT

fnTk(un − ψ) dx dt +
N∑

i=1

∫

QT

φi,n(un) D
iTk(un − ψ) dx dt .

(4.60)

If |un| > M, then |un − ψ | ≥ |un| − ‖ψ‖∞ > k. Therefore {|un − ψ | ≤ k} ⊆
{|un| ≤ M}, which implies that

N∑

i=1

∫

QT

ai (x, t,∇un) D
iTk(un − ψ) dx dt

=
N∑

i=1

∫

{|un−ψ |≤k}
ai (x, t,∇TM (un))(D

iTM (un) − Diψ) dx dt

=
N∑

i=1

∫

{|un−ψ |≤k}
(ai (x, t,∇TM (un)) − ai (x, t,∇ψ))(DiTM (un) − Diψ) dx dt

+
N∑

i=1

∫

{|un−ψ |≤k}
ai (x, t,∇ψ)(DiTM (un) − Diψ) dx dt .

On one hand, since DiTM (un) → DiTM (u) in L pi (QT ), and in view of Fatou’s
lemma, we obtain

lim inf
n→+∞

N∑

i=1

∫

QT

ai (x, t,∇un) D
iTk(un − ψ) dx dt

≥
N∑

i=1

∫

{|u−ψ |≤k}
(ai (x, t,∇TM (u)) − ai (x, t,∇ψ))(DiTM (u) − Diψ) dx dt

+
N∑

i=1

∫

{|u−ψ |≤k}
ai (x, t,∇ψ)(DiTM (u) − Diψ) dx dt

=
N∑

i=1

∫

QT

ai (x, t,∇u) DiTk(u − ψ) dx dt . (4.61)
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On the other hand, for the first term on the left-hand side of (4.60), we have

∫ T

0
〈∂un

∂t
, Tk(un − ψ)〉 dt

=
∫ T

0
〈∂(un − ψ)

∂t
, Tk(un − ψ)〉 dt +

∫ T

0
〈∂ψ

∂t
, Tk(un − ψ)〉 dt

=
∫

�

ϕk(un(T ) − ψ(T )) dx −
∫

�

ϕk(u0,n − ψ(0)) dx

+
∫

QT

∂ψ

∂t
Tk(un − ψ) dx dt .

Now since un → u in C([0, T ]; L1(�)), then un(T ) → u(T ) in L1(�). It follows
that

∫

�

ϕk(u0,n − ψ(0)) dx −→
∫

�

ϕk(u0 − ψ(0)) dx and
∫

�

ϕk(un(T ) − ψ(T )) dx −→
∫

�

ϕk(u(T ) − ψ(T )) dx, (4.62)

as n tends to infinity. Note that we have
∂ψ

∂t
∈ L

�p′
(0, T ;W−1, �p′

(�)) + L1(QT ),

and since Tk(un −ψ)⇀Tk(u−ψ) in L �p(0, T ;W 1, �p
0 (�)) and weak−� in L∞(QT ),

then
∫

QT

∂ψ

∂t
Tk(un − ψ) dx dt −→

∫

QT

∂ψ

∂t
Tk(u − ψ) dx dt, (4.63)

and
∫

QT

fnTk(un − ψ) dx dt →
∫

QT

f Tk(u − ψ) dx dt . (4.64)

Thanks to (4.53), we deduce that

∫

QT

d(x, t)|un|p0−2unTk(un − ψ) dx dt

−→
∫

QT

d(x, t)|u|p0−2u Tk(u − ψ) dx dt, (4.65)

and
∫

QT

gn(x, t, un,∇un)Tk(un − ψ) dx dt

−→
∫

QT

g(x, t, u,∇u)Tk(u − ψ) dx dt . (4.66)
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Since φi,n(TM (un)) = φi (TM (un)) for n large enough (n ≥ M), then

lim
n→∞

∫

QT

φi,n(un)D
iTk(un − ψ) dx dt

= lim
n→∞

∫

{|un−ψ |≤k}
φi (TM (un))(D

iTM (un) − Diψ) dx dt

=
∫

{|u−ψ |≤k}
φi (TM (u))(DiTM (u) − Diψ) dx dt

=
∫

QT

φi (u)DiTk(u − ψ) dx dt . (4.67)

By combining (4.60)–(4.66), we deduce that

∫

�

ϕk(u(T ) − ψ(T )) dx −
∫

�

ϕk(u0 − ψ(0)) dx

+
∫

QT

∂ψ

∂t
Tk(u − ψ) dx dt

+
N∑

i=1

∫

QT

ai (x, t,∇u) DiTk(u − ψ) dx dt

+
∫

QT

g(x, t, u,∇u)Tk(u − ψ) dx dt

+
∫

QT

d(x, t)|u|p0−2u Tk(u − ψ) dx dt ≤
∫

QT

f Tk(u − ψ) dx dt

+
N∑

i=1

∫

QT

φi (u)DiTk(u − ψ) dx dt .

This concludes our proof.
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5 Appendix

Lemma 5.1 The operator Bn = A + Gn is pseudo-monotone acted from

L �p(0, T ;W 1, �p
0 (�)) into L

�p′
(0, T ;W−1, �p′

(�)). Moreover, Bn is coercive in the
following sense
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∫ T
0 〈Bnv, v〉 dt

‖v‖
L �p(0,T ;W 1, �p

0 (�))

−→ +∞ as

‖v‖
L �p(0,T ;W 1, �p

0 (�))
−→ +∞ for v ∈ L �p(0, T ;W 1, �p

0 (�)).

Proof Using the Hölder’s inequality and the growth condition (1.2) we can show that
the operator A is bounded, and by using (4.3), we conclude that Bn is bounded. For
the coercivity, we have for any u ∈ L �p(0, T ;W 1, �p

0 (�)),

∫ T

0
〈Bnu, u〉 dt =

∫ T

0
〈Au, u〉 dt +

∫ T

0
〈Gnu, u〉 dt

=
N∑

i=1

∫

QT

ai (x, t,∇u) Diu dx dt

+
∫

QT

d(x, t)|u|p0 dx dt +
∫

QT

gn(x, t, u,∇u)u dx dt

+
N∑

i=1

∫

QT

φn(u) Diu dx dt

≥ α

N∑

i=1

∫

QT

|Diu|pi dx dt + d0

∫

QT

|u|p0 dx dt

−2
N∑

i=1

‖φ(Tn(u))‖
L p′i (QT )

‖Diu‖L pi (QT )

≥ α

N∑

i=1

(‖Diu‖p

L pi (QT )
− 1)

+d0(‖u‖p

L p0 (QT )
− 1) − C4‖u‖

L �p(0,T ;W 1, �p
0 (�))

≥ C5‖u‖p

L �p(0,T ;W 1, �p
0 (�))

− αN − d0 − C4‖u‖
L �p(0,T ;W 1, �p

0 (�))
,

which implies that

∫ T
0 〈Bnu, u〉 dt

‖u‖
L �p(0,T ;W 1, �p

0 (�))

−→ +∞ as ‖u‖
L �p(0,T ;W 1, �p

0 (�))
→ +∞.

It remains to show that Bn is pseudo-monotone. Let (uk)k be a sequence in
L �p(0, T ;W 1, �p

0 (�)) such that

⎧
⎪⎪⎨

⎪⎪⎩

uk⇀u in L �p(0, T ;W 1, �p
0 (�)),

Bnuk⇀χn in L
�p′
(0, T ;W−1, �p′

(�)),

lim sup
k→∞

〈Bnuk, uk〉 ≤ 〈χn, u〉.
(5.1)
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We prove that

χn = Bnu and 〈Bnuk, uk〉 −→ 〈χn, u〉 as k → +∞.

Using the compact embedding (2.5), we have uk → u in L1(QT ) for a subsequence
still denoted (uk)k .

We also have (uk)k is a bounded sequence in L �p(0, T ;W 1, �p
0 (�)), then by the

growth condition (ai (x, t,∇uk))k is bounded in L p′
i (QT ). Therefore, there exists a

function ϑi ∈ L p′
i (QT ) such that

ai (x, t,∇uk)⇀ϑi in L p′
i (QT ) for i = 1, . . . , N , (5.2)

and

|uk |p0−2uk ⇀ |u|p0−2u in L p′
0(QT ). (5.3)

Similarly, we have (gn(x, t, uk,∇uk))k is bounded in L p′
(QT ), then there exists a

function ψn ∈ L p′
(QT ) such that

gn(x, t, uk,∇uk)⇀ψn in L p′
(QT ) as k → ∞, (5.4)

and since φi,n = φi ◦ Tn is a bounded continuous function, using the Lebesgue
dominated convergence theorem, and since Tn(uk) → Tn(u) a.e in QT , then we get

φi,n(uk) −→ φi,n(u) for i = 1, . . . , N . (5.5)

On one hand, we have

〈χn, v〉 = lim
k→∞〈Bnuk , v〉

= lim
k→∞

N∑

i=1

∫

QT

ai (x, t,∇uk) D
iv dx dt + lim

k→∞

∫

QT

gn(x, t, uk ,∇uk)v dx dt

+ lim
k→∞

∫

QT

d(x, t)|uk |p0−2ukv dx dt + lim
k→∞

N∑

i=1

∫

QT

φi,n(uk) D
iv dx dt

=
N∑

i=1

∫

QT

ϑi D
iv dx dt +

∫

QT

ψnv dx dt +
∫

QT

d(x, t)|u|p0−2uv dx dt

+
N∑

i=1

∫

QT

φi,n(u) Div dx dt,

(5.6)
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for all v ∈ L �p(0, T ;W 1, �p
0 (�)). By using (5.1) and (5.6), we obtain

lim sup
k→∞

〈Bn(uk), uk〉

= lim sup
k→∞

{ N∑

i=1

∫

QT

ai (x, t,∇uk) D
iuk dx dt +

∫

QT

gn(x, t, uk,∇uk)uk dx dt

+
∫

QT

d(x, t)|uk |pi dx dt +
N∑

i=1

∫

QT

φi (uk) D
iuk dx dt

}

≤
N∑

i=1

∫

QT

ϑi D
iu dx dt +

∫

QT

ψnu dx dt +
∫

QT

d(x, t)|u|pi dx dt

+
N∑

i=1

∫

QT

φi,n(u) Diu dx dt . (5.7)

Thanks to (5.4) and (5.5), we have

∫

QT

gn(x, t, uk,∇uk)uk dx dt −→
∫

QT

ψnu dx dt and

∫

QT

φi (uk) D
iuk dx dt −→

∫

QT

φi (u) Diu dx dt . (5.8)

Therefore

lim sup
k→∞

{ N∑

i=1

∫

QT

ai (x, t,∇uk) D
iuk dx dt +

∫

QT

d(x, t)|uk |p0 dx dt
}

≤
N∑

i=1

∫

QT

ϑi D
iu dx dt +

∫

QT

d(x, t)|u|p0 dx dt .

(5.9)

On the other hand, using (1.4) we have

N∑

i=1

∫

QT

(ai (x, t,∇uk) − ai (x, t,∇u))(Diuk − Diu) dx dt

+
∫

QT

d(x, t)(|uk |p0−2uk − |u|p0−2u)(uk − u)dx dt ≥ 0,

(5.10)
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which gives

N∑

i=1

∫

QT

ai (x, t,∇uk) D
iuk dx dt +

∫

QT

d(x, t)|uk |p0dx dt

≥
N∑

i=1

∫

QT

ai (x, t,∇uk) D
iu dx dt +

∫

QT

d(x, t)|uk |p0−2uku dx dt

+
N∑

i=1

∫

QT

ai (x, t,∇u)(Diuk − Diu) dx dt

+
∫

QT

d(x, t)|u|p0−2u(uk − u) dx dt .

In view of (5.2) and (5.3), we get

lim inf
k→∞

{ N∑

i=1

∫

QT

ai (x, t,∇uk) D
iuk dx dt +

∫

QT

d(x, t)|uk |p0 dx dt
}

≥
N∑

i=1

∫

QT

ϑi D
iu dx dt +

∫

QT

d(x, t)|u|p0 dx dt .

This implies, thanks to (5.9), that

lim
k→∞

{ N∑

i=1

∫

QT

ai (x, t,∇uk) D
iuk dx dt +

∫

QT

d(x, t)|uk |p0 dx dt
}

=
N∑

i=1

∫

QT

ϑi D
iu dx dt +

∫

QT

d(x, t)|u|p0 dx dt .

(5.11)

Using (5.8), we conclude that 〈Bnuk, uk〉 → 〈χn, u〉 as k → +∞.

Now, by (5.11) we have

lim
k→+∞

{ N∑

i=1

∫

QT

(ai (x, t,∇uk) − ai (x, t,∇u))(Diuk − Diu) dx dt

+d0

∫

QT

(|uk |p0−2uk − |u|p0−2u)(uk − u)dx dt
}

= 0.

In view of Lemma 3.3, we get

uk −→ u in L �p(0, T ;W 1, �p
0 (�)) then Diuk −→ Diu a.e in QT .

It follows that

ai (x, t,∇uk)⇀ai (x, t,∇u) in L p′
i (QT ),
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and

gn(x, t, uk,∇uk)⇀gn(x, t, u,∇u) in L p′
i (QT ).

We deduce that χn = Bnu, which completes the proof of Lemma 5.1. ��

Proof of the convergence (4.56).

Let h > 0 and n, m large enough, we have

∣
∣
∣

∫ s

0

∫

�

(
φi,n(un) − φi,m(um)

)
DiT1(un − um) dx dt

∣
∣
∣

≤
∫

{|un |≤h}∩{|um |≤h}
|φi (Th(un)) − φi (Th(um))| |DiTh(un) − DiTh(um)| dx dt

+
∫

{|un |>h}∪{|um |>h}
|φi,n(un) − φi,m(um)| |Diun − Dium |.χ{|un−um |≤1} dx dt .

(5.12)

Regarding the first termon the right-hand side of (5.12), since Di Th(un) and DiTh(um)

converge strongly to DiTh(u) in L pi (QT ), and since |φi (Th(un)) − φi (Th(um))| is
bounded in L p′

i (QT ), then

∫

{|un |≤h}∩{|um |≤h}
|φi (Th(un))

−φi (Th(um))| |DiTh(un) − DiTh(um)| dx dt −→ 0 as m, n −→ ∞.

(5.13)

Concerning the second term, we have φi,n(·) is a continuous function, then there
exists M1 > 0 such that sup

|r−s|≤1
|φi,n(s) − φi,n(r)| ≤ M1. Also, it’s clear that

∀s ∈ IR and ∀M2 > 0 we have |φi,n(s) − φi,m(s)| ≤ M2

for n,m ≥ n0(s, M2).

Taking n andm large enough, by using (4.12), (4.24) andYoung’s inequality, we obtain

∫

{|un |>h}∪{|um |>h}
|φi,n(un) − φi,m(um)| |Diun − Dium |.χ{|un−um |≤1} dx dt

≤
∫

{|un |>h}∪{|um |>h}
|φi,n(un) − φi,n(um)|p′

i .χ{|un−um |≤1} dx dt

+
∫

{|un |>h}∪{|um |>h}
|φi,n(um) − φi,m(um)|p′

i .χ{|un−um |≤1} dx dt

+ 2
∫

{|un |>h}∪{|um |>h}
|Diun − Dium |pi .χ{|un−um |≤1} dx dt
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≤ (M
p′
i

1 + M
p′
i

2 )meas ({|un| > h} ∪ {|um | > h})
+ 2pi

∫

{|un |>h−1}∩{|un |−1<|um |≤|un |+1}
|Dium |pi dx dt

+ 2pi
∫

{|um |>h−1}∩{|um |−1<|un |≤|um |+1}
|Diun|pi dx dt −→ 0 as h → ∞.

(5.14)

Thus, by combining (5.12)–(5.14), we get

∫ s

0

∫

�

(
φi,n(un) − φi,m(um)

)
DiT1(un − um) dx dt −→ 0 as n,m → ∞.

(5.15)
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